We have extended the semianalytic technique of Iyer and Will for computing the complex quasinormal frequencies of black holes, ω, by constructing the Padé approximants of the (formal) series for ω 2 . It is shown that for the (so far best documented) quasinormal frequencies of the Schwarzschild and Reissner-Nordström black holes the Padé transforms P are, within the domain of applicability, always in excellent agreement with the numerical results. We argue that the method may serve as the black box with the "potential" Q(x)
I. INTRODUCTION
The physical black holes are not isolated systems, they interact in a variety of ways with their environment and changing their surrounding they change themselves. Especially interesting in this regard are the perturbations that can satisfactorily be described within the linear approximation.
On general grounds one expects that the late-time behavior is dominated by the oscillations that are characteristic to a given black hole and independent of the initial cause of the perturbation.
That means that the gravitational wave emitted by the perturbed black hole will carry the imprints of its characteristics on the unique set of complex numbers, ω, simultaneously describing the rates of damping and the frequency of the oscillations. Indeed, numerical analysis of the evolution of the black holes formed in a gravitational collapse or in the collision of black holes indicates that each of them approaches such a ringdown phase. These quasinormal oscillations are expected to be crucial both in the black holes detection and, when discovered, in studying their properties. It is natural that the quasinormal oscillations of the black holes have been area of intense study for the last 40 years.
The quasinormal modes considered in this paper are the solutions of the second-order differential
where −Q(x) is a potential function, which is assumed to be constant as |x| → ∞ (the limits may be different) and to posses the maximum at some finite x 0 , subjected to the particular set of the boundary conditions. The function ψ(x) is the radial part of the free oscillations (with the assumed time-dependence of the form e −iωt ) which is purely "outgoing" as |x| → ∞. Here we follow convention proposed in Ref. [1] and understand the term "outgoing" as "moving away from the potential barrier". For a perturbation of a given spin weight, s, the quasinormal modes are labeled by the multipole number, l, and the overtone number n.
The quasinormal modes have been studied both numerically and analytically for the various perturbations of the black hole backgrounds. Especially interesting are the analytic or semianalytic methods allowing quick and accurate calculations for a wide range of black holes. Currently there are a few popular approaches to the quasinormal frequencies problem, each having its own merits. A high reputation of the continued fraction method is due to its great accuracy and possibility to calculate high overtones [2, 3] . In its original form it has been employed in the three term recurrence relation, however, the more complicated cases can also be addressed by reducing them to three term recurrence by Gauss elimination [4] . The Hill-determinant method proposed in Ref. [5] is in a sense complementary to the Leaver approach and allows for calculations of the high overtones by searching of the stable zeros of the high-order polynomials. Nollert [6, 7] studied the quasinormal modes via Laplace transform and analyzed the problem of overtones. The quasinormal modes (of the Schwarzschild black hole) have been calculated by Zaslavskii by reducing the problem to the well-known quantum anharmonic oscillator [8] . The competitive approaches include various incarnations of the phase integral method [9] [10] [11] and the modifications of the WKB approximation [1, 12] . The Iyer-Will method [9] , which belongs to the latter class, and its generalization to the sixth order [13] gained great and well-deserved popularity. (See for example Refs. [14] [15] [16] [17] [18] [19] and the references cited therein).
Typically, depending on the character of the problem, one is torn between the need for a high accuracy (also for overtones n ≫ l) and the generality of the approach, allowing analysis of various potentials, even at the expense of some inherent limitations. Practically, these limitations may not be so serious as for the astrophysical black holes the least damped modes are most significant and simultaneously easiest to calculate. In our opinion the WKB method is a best choice due to its generality and flexibility and may serve, with necessary modifications, as the black box with the "potential" Q(x) as an input and the quasinormal modes as the output. In this paper we shall propose a modification of the Iyer-Will method [12, 13] . The modification is twofold: First we generalize their approach by extending calculations beyond sixth-order WKB and subsequently employ the powerful technique of the Padé transforms. Restricting to the so far best documented qnasinormal modes of the four dimensional Schwarzschild and Reissner-Nordström black holes we
show that the approximation works very well. Typically, the deviations of the real and imaginary part of the complex frequencies from the accurate numerical results are smaller than those obtained within the framework of competing approaches. Moreover, for the low-lying modes the accuracy is comparable with or even better than the phase integral method in the optimal order.
The paper is organized as follows. In Sec. II we shall briefly introduce the method. In Sec. III we will discuss the results obtained for the various perturbations in the Schwarzschild and ReissnerNordström black holes and make a detailed comparison with the accurate numerical calculations.
Finally, in Sec. IV we shall we shall briefly discuss the possible extensions and modifications of the method as well as our preliminary results for other classes of black holes.
II. THE METHOD
As is well known the modification of the WKB approach proposed by Iyer and Will [12, 20, 21] allows for configurations with closely lying classical turning points. The idea is to match simultaneously exterior WKB solutions across the two turning points. The differential equation (1) We start with the presentation of some basic informations concerning the strategy adopted in this paper. The method is largely due to Iyer and Will but with some necessary generalizations and modifications. Following Ref. [12] let us consider the two-turning-point problem with the turning points located at, say, x 1 and x 2 (x 1 < x 2 ). We can distinguish three regions: The interior region (II) between the turning points and the regions I and III outside the points x 1 and x 2 , respectively.
In the exterior regions the (asymptotic) solution is given by the standard WKB solution constructed to the required order. Substituting
where
to
and collecting the terms with the like powers of ε one obtains a chain of equations of ascending complexity. The expansion parameter ǫ, which helps to keep the order control of the complicated terms should be set to 1 at the end of the calculations. The first two solutions, S 0 and S 1 , define the standard WKB approximation. On the other hand, in the region II, the strategy is different.
First we expand Q(x) into the Taylor series about the maximum of −Q(x) (located at x 0 ) to the required order and making use of the substitutions
and
we rewrite Eq. (4) in the following form
where z = x − x 0 . With the aid of
this equation can be further transformed
In the limit ε → 0 the general solution of the equation (11) is the linear combination of the parabolic cylinder functions
In a general case we will look for a solution of the form
where f (t) and g(t) are two functions that have to be determined. Substituting (13) into (11) and eliminating the term with the first derivative of the parabolic cylinder function one gets
As a result one obtains the differential equation for the function g(t) which can be solved assuming
It should be noted that by solving the resulting system of algebraic equations one obtains both the coefficients α and Λ. The whole procedure is algorithmic and can easily be implemented in any of the existing computer algebra system. Now, if we substitute Λ i into (10) we will obtain the equation that relates ω, derivatives (up to 2N ) of the potential at x 0 and ν.
Thus far the analysis has been carried out in the interior region. In the exterior regions the solutions are constructed within the framework of N th WKB method starting with physical optics approximation as the lowest order approximation. The asymptotic matching is to be performed outside the turning points, where |t| → ∞. The two different asymptotic representation of the parabolic cylinder function valid in a wedge | arg t| < 3/4 and 1/4π < arg t < 5/4π, respectively, which are used to represent the function ψ ψ ∼ dg dt
where A and B are constants, are matched with the "right" and "left" WKB approximants. The analysis of the structure of the asymptotic form of the parabolic cylinder function in the wedge 1/4π < arg t < 5/4π for large |t| shows that it contains the functions Γ(−ν) and Γ(ν + 1) in the denominator. In the regions I and III one has linear combination of the appropriate WKB solutions representing incoming and outgoing waves. Hence the problem reduces to the construction of the formulas that relate amplitudes of the waves in the asymptotic regions of I and III. The exact matching is extremely tedious and has been carried out up to the third order WKB approximation.
However, as has been argued by Iyer and Will, the matching coefficients should depend only on ν, and, consequently, one can consider the interior problem only. Finally, imposing the black hole quasinormal mode conditions which state that there should be no incoming modes in the region I and III, one concludes that ν is a nonnegative integer. Consequently the formula (10) relating ω, derivatives of Q at the x = x 0 and ν = n (n = 0, 1, 2, ..., ) is
where each Λ k is a function of the derivatives of Q(x) of ascending complexity. The first two terms Λ 2 and Λ 3 has been constructed in Ref [12] . This result has been extended to the sixth order WKB by Konoplya in Ref. [13] . It should be noted that the third order result has been reconstructed using the phase integral [25] by Gal'tsov and Matiukhin in a very interesting development in Ref. [11] .
In Refs. [12, 13] the terms Λ k in Eq. (17) were summed. On the other hand we do not know in advance if adding the next term will improve or worsen the quality of the approximation. Similarly, we do not know if there is some optimal truncation. Consequently, it may be that summation of the Λ k terms is not the best strategy.
In this paper we report on the extension of the results of Iyer and Will and of Konoplya to the 13th order WKB approximation, i.e., in addition to Λ 2 and Λ 3 calculated in Ref. [12] and Λ 4 , Λ 5
and Λ 6 presented in Ref. [13] (in a few cases the typographical errors have been detected) we have calculated all Λ n up to n = 13. The novelty of our method consists in construction, for any given l and n, the Padé approximants. As have been observed by Bender and Orszag [21] "... Padé approximants often work quite well, even beyond their proven range of applicability..." and we believe that making use of this two powerful techniques will improve the quality of the results. In the next section we shall explicitly demonstrate that this is indeed the case.
The technique of the Padé approximants has been used in Ref. [24] in the calculations of the gravitational perturbations of the Kerr black hole and in Ref. [20] but in a different context. Let us assume, for simplicity, that the function Q(x) is of the form 
Number of terms  6  20  55  132  294  616  1215  2310  4235  7524  13026  22050 where V (x) does not contain ω. Now, we approximate the right hand side of the equation
(treated as a polynomial of ε) by P 6 6 and P 6 7 . Note that the functions Λ k depend on n. We have chosen to work with P 6 6 and P 6 7 although all table of approximants Pñ m satisfyingm +ñ + 1 ≤ 14 can be constructed. We have not attempted to analyze the optimal (from a point of view of calculational effectiveness) approximants and prefer to work with ω 2 .
As is well known the methods of calculating frequencies of the quasinormal modes based on the WKB approximation break down when the overtone number n exceeds the angular harmonic index, l, so one expects the reasonable results only for n ≤ l, or n slightly bigger than l. On the other hand the results are progressively better with increasing l.
The formulas describing the higher-order Λ n are rather long and complicated and the calculation is time-consuming 1 . Indeed, the number of terms and their complexity quickly grows with n as can be seen in Tab I. Fortunately the calculations of the general terms have to be executed only once, and to avoid proliferation of extremely long formulas we do not present them here. All Λ n (n = 2, ..., 13) stored in various formats 2 can be obtained from the first author upon request. On the other hand, the calculation of the quasinormal modes for a given potential function is quite fast.
Although the Λ j are complicated products of the various powers of the derivatives of the function Q evaluated at the maximum they can easily be calculated numerically. Indeed, for each j the maximal derivative of Q is 2j and the length of each term in Λ j is L (2j−1)/2 (where Q (k) -the kth derivative of Q has the length L −k ) and the calculations reduce to simple multiplications. The derivatives of Q with respect to the general tortoise coordinate are easily programmable and the determination of the radial coordinate of the maximum of the potential requires only elementary numerics.
1 The Iyer-Will formulas can be reproduced in a few second on a typical budget laptop. On the other hand calculations of the general terms up to Λ13 can take a few hours 2 The results are stored in Mathematica, Maple and Maxima syntax.
III. THE NORMAL MODES OF BLACK HOLES A. Schwarzschild black hole
Here we give only basic informations necessary to calculate the quasinormal modes. The oddparity perturbation of the Schwarzschild black hole are governed by the equation
where x ⋆ is the Regge-Wheeler coordinate, λ 1 = l(l + 1) and β = 1, 0, −3 for the scalar, vector and gravitational perturbations, respectively. For the gravitational perturbations we shall also calculate the quasinormal modes for the even-parity (Zerilli) potential
where ∆ = x 2 − 2x and λ 2 = (l − 1)(l + 2)/2. The normal mode frequencies should be the same for the both potentials and this can be used for the consistency check.
Now we shall analyze the accuracy of the WKB method with the Padé transform and contrast the thus obtained results with the numerical calculations of Fröman et al. presented in Ref. [9] .
The frequencies of the odd-parity modes of the scalar, electromagnetic and gravitational are given in Tables II, III and IV, respectively. The results of the calculations of the gravitational even parity modes are presented in Table V . Although it is quite possible that the order of the Padé approximants is not always optimal, we have decided to focus our attention only on P 6 6 and P 6 7 . Such a detailed comparison is possible only if the results of the numerical calculations are known in advance. Typically, for a new Q(x), such results are absent and we have to choose the calculational strategy (to certain extent) blindly. 3 The Padé and numerical results are compared with the analogous result calculated within the framework of the very popular sixth-order "pure" WKB method. The appropriate formulas have been constructed previously by Konoplya. Our results have been obtained as a by-product of the calculations of the Λ 13 , and, when applied to the perturbations of the Schwarzschild black hole they extend the calculations of Ref. [13] .
The general features of the approximation based on the WKB method are shared by Padé approximants: the quality of the approximation increases with the increase of the harmonic index, l, and deteriorates with the the overtone number n. The best results are obtained for n ≤ l though they remain reasonable if the overtone number slightly excesses l. On the other hand, the quality of the approximation within the region of validity is really superb and the quasinormal frequencies are close to the accurate numerical results. Generally, as expected, they are also more accurate than those calculated using sixth-order WKB. Moreover, the Padé approximants P 6 6 and P 6 7 give ω that are comparable with or even better than the phase-integral method in the optimal order.
Of course, in order to construct better approximants one has to take into account the influence of the remaining turning points.
To analyze the quality of the Padé approximants in more details let us define deviation of the real part of the frequency
and similarly the deviation of its imaginary part
where ω k is the approximate complex frequency of the quasinormal mode and ω num is its accurate numerical value. First, let us consider the odd-parity scalar modes. Inspection of Table II shows that both P 6 6 and P 6 7 are very accurate and except for the lowest mode (l = 0, n = 0) it is always superior to the sixth-order WKB. Indeed, ∆ (r) calculated for P 6 6 and P 6 7 approximants of the lowest mode is 7.9 × 10 −1 % and 9.8 × 10 −2 %, respectively, whereas within the framework of WKB approximation one has 1.2 × 10 −2 %. (The deviation of P 5 6 is slightly smaller). On the other hand, deviation of the imaginary part of P 6 6 and P 6 7 for that mode is −8.6 × 10 −3 % and 2.8 × 10 −2 %, respectively. This may be compared with deviation calculated within the framework of the sixthorder WKB, which is 3.9%. For the lowest modes (l ≥ 1) and overtones the Padé approximants are at least two order of magnitude better that the WKB. (For l = 3, n = 0 both P 6 6 and P 6 7 are exactly the same as the numerically calculated frequencies). The imaginary part of the Padé approximants to the quasinormal modes is always far better than those calculated using WKB.
The Padé approximants for the vector and gravitational odd-parity modes are amazingly accurate as can be seen from Table III and IV . Now, let us analyze the gravitational even-parity modes.
The results of the calculations are displayed in Table V . In Table VI the deviations ∆ (r) and ∆ (i) are presented for all calculated modes. The accuracy of the Padé approximants is excellent and ranges from 5.2 × 10 −1 % for (l = 2, n = 3) to 10 −8 % for (l = 4, n = 1). This can be contrasted with the WKB results, which deviates by 3.9% from the exact value for (l = 2, n = 3) and 1.6%
for (l = 3, n = 5). Numerical results are taken from Ref. [9] . The WKB results have been obtained previously in [13] . Here we have calculated them once again and retained more digits. 
B. Reissner-Nordström black hole
Technically speaking, the equations governing the perturbations of the Reissner-Nordström black hole are only slightly more complicated than the analogous equations for the Schwarzschild black hole. The main difference lies in the fact that for the charged black holes the are no pure electromagnetic or pure gravitational oscillations. The (odd-parity) normal oscillations are governed by the system of the differential equations
where q = |e|/M with e being the electric charge, ∆ = x 2 − 2x + q 2 , i, j = 1, 2 and
The tortoise coordinate x * is defined in the standard way. Note that for uncharged black hole q = 0 the functions ψ 
and the perturbation equations are given by (24) [9] . The WKB results have been obtained previously in [13] .
Here we have calculated them once again and retained more digits. those presented in Refs. [35, 36] . In the d = 11-dimensional case for 2 ≤ l ≤ 11 and the lowest overtones the Padé approximants yield good results. For example, for l = 2 and n = 0, 1, 2 the Padé approximants P 6 6 (rounded to four decimal places) give, respectively, ω = 4.3920 − 1.0577i, ω = 3.3393 − 3.0283i and ω = 1.8026 − 3.6527i, which is identical (l = 0, n = 0) or close to the frequencies calculated by Rostworowski [35] and the accuracy of our calculations rapidly grows with l. The behavior of the low-lying modes may be contrasted with the WKB approximation. For example for l = 2 one has ω = 4.4007 − 1.0601i, ω = 3.1165 − 3.7864i and ω = 0.5276 − 5.6632i.
The real part of the frequency of the mode l = 2 and n = 2 is wrong at any order of the WKB. Sixth order WKB Sixth order WKB Specifically, within the sixth order WKB approximation, it is over three times smaller than the accurate numerical value calculated by Rostworowski. On the other hand, however, the approximation works better for larger l, as expected. This comparison indicates that one should be cautious with any approximation based on the WKB method even for the low overtones (n = 2) of the low-lying modes l = 2 and l = 3. On the other hand, our results demonstrate the usefulness of the Padé approximation and suggest that there is still a room for improvements and new ideas. In our personal view the method advocated by Matiukhin and Gal'tsov [11] and its possible generalizations, although technically very hard, look promising. We also observe that the calculated functions Λ k can be applied in the analysis of the potential barrier tunneling. These problems are actively investigated and the results will be presented elsewhere. Finally, observe that in the calculations of the quasinormal modes one often has to choose between the generality and simplicity of the approach on the one hand and the great accuracy on the other, and, consequently, the quality , from the accurate numerical results. The (l = 2) quasinormal frequencies of the odd-parity gravitational perturbations of the Reissner-Nordström black holes are given in Table VII . of the approximation has be judged not only by comparison with the exact numerical results but also with the competing analytic or semianalytic approaches. , from the accurate numerical results. The (l = 2) quasinormal frequencies of the odd-parity gravitational perturbations of the Reissner-Nordström black holes are given in Table VIII . 
